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We define the algebra Q{M. ) of Colombeau generalized functions on M which naturally 

OO / 



contains the generalized function algebras Qy{M.'^) and Qr{M.'^)- The subalgebra ^S(M'^) of 



. ^(M*^) is characterized by a pointwise property of the generalized functions and their Fourier 

transforms. We also characterize the equality in the sense of generalized tempered distri- 
butions for certain elements of C/.y(M'^) (namely those with so-called slow scale support) by 
means of a pointwise property of their Fourier transforms. Further, we show that (contrary 
to what has been claimed in the literature) for an open set Q C M'^, the algebra of point- 
wise regular generalized functions equals Q°^{0,) and give several characterizations of 
^ , pointwise ^°°-regular generalized functions in Q{^}). 
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1 Introduction 



Algebras of generalized functions have been developed by many authors [31 [ini [E] 
mainly inspired by the work of J.-F. Colombeau [2], and have proved valuable as a 
^ ' tool for treating partial differential equations with singular data or coefficients (see 

■ [IH] and the references therein). Under the influence of microlocal analysis of partial 

differential operators [H El [9l [HI [I2] and group invariance of solutions to partial dif- 
ferential equations [131 lEl [E] in the context of these algebras, the investigation of 
local properties of generalized functions became increasingly important. It was soon 
realized that generalized functions in the sense of Colombeau can be viewed naturally 
as pointwise functions on sets of generalized points |14|. During the past years, there 
is a growing insight that many aspects of Colombeau generalized functions can be 
naturally expressed by pointwise properties (e.g., differentiability P, regularity [19]). 
The purpose of this paper is to further investigate pointwise properties in Colombeau 
algebras. In section [31 we define the algebra ^(M'^) of generalized functions on M'^, the 
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space of generalized points of W^. In a sense, this is the largest algebra of generalized 
functions of Colombeau type that is embedded in the algebra of all pointwise maps 
M'' — C through the usual pointwise action of generalized functions. Other known 
generalized function algebras such as QciM'^), Gj/'iM'^) and QriM"^) (see the next section 
for their definitions) are naturally contained in it and their elements can be char- 
acterized in Q{M.'^) by a pointwise property (Theorems 13.8^ 13. 101) . We introduce the 
subalgebra ^ss(I^'^) of slow scale supported generalized functions in which can 

be characterized both by growth properties (similar to the definition of and 
of Qy{M.'^)) and by pointwise properties of the associated pointwise maps (Theorem 
En]). It is a subalgebra of GyiM.'^), and it turns out that g^.{R'^) = ^..(M"^) n ^,,(i^) 
(here ^ denotes the Fourier transform), which yields a pointwise characterization of 
elements in Q^{M.'^) (Theorem 13. 13p . 

In section m we characterize when elements of ^^^(M'^) act identically on test functions 
in Schwartz's space of rapidly decreasing functions ^{M.'^) (i.e., when they are equal 
in the sense of generalized tempered distributions) by means of a pointwise property 
of their Fourier transforms (Theorem 14.61) . 

Further, in section [5l we discuss several notions of pointwise -regularity that were 
introduced in [H [19] and show that they can all be characterized by means of one such 
notion ((/"^-regularity at a compactly supported generalized point), but for different 
sets of compactly supported generalized points (Corollary 15.51) . Contrary to what has 
been claimed in the literature, we prove that for an open set Q C M'', the algebra of 
pointwise regular generahzed functions Q°°{Q) in fact equals (Theorem 15.81) by 

means of a new characterization of ^""-regularity at a point (Corollary 15.71) . We con- 
clude with a characterization of ^""-regularity at a point that might provide a basis for 
microlocal analysis of generalized functions on the scale of the sharp neighbourhoods 
(Proposition 15.111) . 

2 Preliminaries 

In this paper, Q denotes an open subset of M*^ {d eN). 

We recall the definitions of some generalized function algebras of Colombeau type 
P, Uni [18]. the algebra of generalized functions on fl equals = Sm{^)/J^{^), 

where 

Sj,j(n) ={{u,), e C°"(f])(°'i) -.(WKcc n)(Wa e N'^)(3N e N) 
(3£oe (0,l))(V£<£o)(sup|9X(a;)| <£-^)} 

Ar{Q) ={{u,), G C°"(f])(°'^) : (Vir CC l])(Va G N'^)(Vm G N) 
(3£oe (0,l))(V£<£o)(sup|9X(a:)| <£"^)}. 

The algebra Q°°{Q) of regular generalized functions on Q consists of those u G G{^1) 
admitting a representative {us)£ satisfying 

{\/K CC n){3N G N)(Va G N'^)(Beo G (0,1)) (Ve < eo)(sup |9X(a;)| < e-^). 

x(^K 

For a compact set K CC M'^, let 'D^K) denote the space of all C°"(M'^)-functions with 
support contained in K. The algebra Qci^'^) of compactly supported generalized func- 
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tions on MJ^ consists of those u E G(R.'^) admitting a representative (ue)^ E 'D{K)^^'^\ 
for some i^' CC M"'. 

The algebra of tempered generahzed functions on M"' equals ^^-(IR"') = £^t-(]R"')/A/'t-(]R"'), 
where 

SriM.'^) = {{u,), E C°°(M'^)(°'i) : (Va E N'^){3N E N) 

(3^0 e (0, 1))(V£ < £o)( sup \d"u,ix)\{l + < 

= {(u,), E C°°(M'^)(°'^) : (Va E N'^)(3iV E N)(Vm E N) 
(360 E (0, 1))(V£ < £o)( sup + \x\)-'' < e™)}. 

The algebra of generalized functions based upon Schwartz's space ^(M.'^) of rapidly 
decreasing functions on R.'^ equals QyiW^) = £y{W'-)/J\fy(^'^), where 

SyiR'^) = {{ue)s G y{R'^Y^'^^ : (Va,/5 e N'^){3N E N) 

(3^0 e (0,1))(V£ < eo)( sup {x^d^Ueix)] < e^^)} 

XyiR'^) = {{ue)e e ^(M'^)(°'^) : {\/a,PE N'^)(Vm G N) 
(3^0 e (0,1)) (V£ < £o)( sup |x"9V(a;)| 

The algebra ^^(M*^) of ^-regular generalized functions on R'^ consists of those u E 
Qy(R'^) admitting a representative {us)s satisfying 

(37V E N)(Va,/3 G N'^)(3£o e (0,1))(V£ < eo)( sup \x''d^Ue{x)\ < e"^). 

In all these algebras, the generalized function with representative {ui;)^ is denoted by 
[(«.).]• 

We also recall the definition of generalized points and pointwise value theorems in 
these generalized function algebras. The set of generalized points of R'^ equals R'^ = 
Mi^d/M^d, where 

M^d = {{x,% E (M'^)(°'i) : (3iV G N)(3£o G (0, 1))(V£ < £o)(k.| < e"^)} 
A/i^ = {{xs)e e {RT''^ : (Vm G N)(3£o G (0, 1))(V£ < 6o){\x,\ < 8^}- 

Similarly, the ring C of generalized (complex) numbers is defined using nets in C*-^'^''. 
By 17, we denote the set of those x G M'^ admitting a representative {xe)e ^ fi*-*''^-'. By 
Qc, we denote the set of those x G M*^ admitting a representative {x^)^ E K^'^'^'' for some 
K CC il. The value u{x) of a generalized function u = [{u^)^] at a generalized point 
X = [{xe)e] is defined as [{ue{xs))e] G C. This definition turns out to be independent 
of representatives for u E G{i^) at x E (ic, and for u E ^^(M"^), Qy(R^) at x E R^. 
Moreover, for u E Q{^), u = iff u{x) = for each x E flc [THI Thm. 1.2.46]. 
Similarly, for u E GriR'^), m = iff u{x) = for each x eR'^ ^ Prop. 1.2.47]. Since 
Afy(^'^) = A/;(M'^) nJyiR'^) [a Thm. 3.8], the same holds for u E g.y(R'^). 
We denote by p G M the element [{e)^]. For x = [(xe)^] G M"^, v{x) = sup{a G M : 
l^^el < for small e} denotes the valuation on R^ and \x\^ = e~^^^^ the sharp norm on 
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W^. The sharp norm defines a topology on M'^, which is called the sharp topology (cf. 
[ni[22])- For xq G M'^, we denote by V^o the set of all (nongeneralized) neighbourhoods 
in M'' of xq] for xq G M"^, we denote by V^o, the set of all sharp neighbourhoods in M'^ 
of Xq. We refer to [10] for further properties of Colombeau generalized functions. 

3 The algebra of generalized functions on 

Definition 3.1. ^(M"^) := SM{R'^)/Af{R'^), where 

Sm{R'^) ={{ue)e e C°°(M^)(°'^) : (Va G N^)(Vm G N){3N G N) 
(3£oG(0,l))(V£<£o)( sup \d''u,{x)\<E-'')}, 

XiW^) = {(u,), G C°°(M^)(°'i) : (Va G N'^)(Vm G N)(Vn G N) 
(3£oe(0,l))(V£<£o)( sup <£")}. 

|a;|<e-'" 

As for g{R'^), it follows that g{R'^) is a differential algebra and that we can always 
find representatives in T)(R'^)^^'^\ 

Proposition 3.2. 

^^{R'^) = £m(R'^) n {{u,)e G C°°(M'^)(°'^) : (Vm G N)(Vr2 G N) 

(3£oG (0,l))(V£<£o)( sup <£")}. 

i/ence also in g{R'^), u = iff u{x) = 0, Vx G W^. 

Proof. As for A/'(M'^) [IHl Thm. 1.2.3, Thm. 1.2.46]. □ 

Definition 3.3. Since Sm^^'^) C Sm{R'^) and U{R'^) C Af{R'^), the identity map on 
representatives gives rise to a well-defined map Q{R'^) Q{R'^). If u G Q{R'^), we call 
the corresponding element u\-^d G Q{R''') the restriction of u to Q{R). 

The pointwise value theorems provide a natural way to see Qy{R'^) and Qt-{R'^) as 
subalgebras of Q iR'^) . 

Proposition 3.4. 

1. GriW^) = Sr{R'^)/{Sr{R'^)nAr{R'^)) c ^(i'^) 

2. GyiR"^) = S.y'{R'^)/{S.yfR'^)n^{R'^)) C g{R'^) 

Proof (1) As £r(R'^) C SMiR"^), the point value characterizations in ^^(M'^) and g{R'^) 
imply that Sr{R'^) n N'{R'^) = N'r{R'^')- Hence the identity map on representatives 

defines a canonical embedding of Q^-iR ) into ^(M ). Let u^^x) = (1 + |x| ) , for 

each e G (0, 1). As ln(l + \xf) < (2m + 1) ln(e~^), for each x with \x\ < e~"^ (m G N) 
and small e, the net {ue)e is easily seen to belong to £m(R'^); as Ue{x) > e~"^ , for 
each X with \x\ = {m G N), the net {u,)^ i Er^'^) +A/'(M'^); hence the inclusion 
is strict. 

(2) Similar. □ 
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As in Q{M.'^) (but in contrast with Qt{^'^)), we have a pointwise invertibility criterium 
in g{M.'^). 

Proposition 3.5. Let u G Q{W^). Then the following are equivalent: 

1. there exists v G ^(M'^) such that uv = 1 

2. for each x G M"^, u{x) is invertible in C 

3. for some (and hence any) representative {us)£ of u, 

(VmGN)(3£^G (0,l))(3nGN)(V£<£j( inf \u,{x)\>e^). 

\x\<e-"^ 

Proof. (1) ^ (2): for x G W^, u{x)v{x) = 1 in C. 

(2) => (3): supposing that the conclusion is not true, we find M G N and a decreasing 
sequence {en)n&i tending to and x^^ G M*^ with < e^^'^ and \ue^{xe^)\ < e^, for 
each n eN. Let = 0, if e ^ {e„ : n G N}. Then x := [(xe)^] G R'^, but u{x) is not 
invertible in C by [IHl Thm. 1.2.38]. 

(3) ^ (1): let Em as in the statement of (3). We may suppose that {em)mm is de- 
creasing and tends to 0. Let G ^^(IR'^) with Ve{x) = Us{x)~^, for |x| < e~"^ and 
Em+i < £ ^ £m- Since each d'^Vs is a linear combination (with coefficients indep. of e) of 
Ylpdf^Ue{x)/ui'"^^\x) (finite products), [{ve)e] G g{R'^). As SUP|^.|<£-m \Us{x)Vi;[x) — 1| - 

0, for e < Em, we have ut> = 1 in Q{R'^). □ 

Lemma 3.6. Let u G ^(M"^). Then there exists a representative {us)^ of u satisfying 
(Va G N'^)(3£o G (0, l))(Vm G N)(3iV G N)(Ve < eo)( sup |9"m,(x)| < e"^), 

|x|<£-'" 

1. e., Eo may be chosen independent ofm. 

Proof. Let {us)e G Sm{R'^) be a representative of u. Then for each m, G N, there 
exist ^m^fc G (0, 1) and N^^k G N such that 

(Va with \a\<k)(yE< E.m,k){ sup |(9°Me(x)| < e"^™.^). 

We also introduce the notation Em '■= £m,m- We may suppose that Njn,k is increasing 
in m, /c, that Em,k is decreasing in m, fc, and that limm^oo £m = 0. Let x G ©(M'^) with 
x(a;) = 1, if |x| < 1/2 and xi^) = 0, if |a;| > 1. Let Xei^) = x(^™2;), if Em+i < e < Em- 
Then Xei^) = 1; if kl < £:^™/2 and Xei^) = 0, if |x| > (for 5^+1 < ^ < £m)- 
Further, sup^g(o .^.gjjd |5"Xe(a;)l < oo, Va G N'^. Let := ■ Xe- Then m = [(mJ^]. 
Now let a G N*^ be fixed. Choose rj G (0, 1) (depending on a only) with rj < E\a\ and 
2l"l sup|^|<|^| £g(o,i),a;eM'* |'9^Xe(2;)| ^ "'^ Then for each m G N and e <r], 

sup |9"m£(x)| < r]"-^ sup |9'^Me(x)| < e^"^"^'"'!"!, 

|a:|<e-'" |/3|<|o|,|a;|<e-'" 

as soon as e < emax(m,|a|)- If ^max(m,|o|) < ^ ^ then there exists |a| < A; < max(m, |a|) 
such that efc+i < e <Ek- Hence sup|2,|<g-m \d°'Ue{x)\ < sup^^^^^-k \d°'Us{x)\ < £:~i^^fe.ki. 
Summarizing, sup|^|<g-m \d°'Ue{x)\ < £:"i"^max(m,|Q,|)>i^ g^s soon as e < r^. □ 
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Our next aim is to characterize the subalgebras ^t-(M'^) and g.yiR'^) in g{R'^) by the 
pointwise values of their elements (and their derivatives). 

Proposition 3.7. Let 

V = {{ue)e e C°°(M'^)(°'^) : (Va G N'^)(3iV G N)(Vm G N \ {0}) 

(3£oG(0,l))(Ve<£o)( sup <£-"^^)}. 

\x\<£-"^ 

Then V = ^^(M^) + A/'(i'^) and ^^(M'^) = V/7V(i'^). 

Proo/. Clearly, Af{R'^) C V. Let (uj^ G £^(M'^) and a G Let G N such that 
sup^g]Rd(l + |9"Ue(a;)| < , for small e. Then for each m G N \ {0}, 



sup < sup (1 + < e-''2''e~"''' < e 

|a'|<e-'" |xi<£-'" 



for small e. Hence (Me)^ G V. Since V is closed under +, £:^(]R°') C V. 

Conversely, let {'Us)^ G V. As in lemma \3M now with Nk (independent of m) increasing 
in k, we find (ue)^ G (tte)^ + A/'(]R'^) such that for each a G N'^, there exists M = 
(|a| + 1)A^|„| + 1 G N and ?7 G (0, 1) such that 

(Vm G N \ {0})(V£ < 7]){ sup |9"m,(x)| < e"'"^^). 

\x\<e-™- 

Fix a G N''. Then for e < 77 and m G N \ {0}, 

sup (1 + |x|)-*^|9"m,(x)| <e™*'^ sup |5X(a;)| < e"^. 

e-'"<|z|<e-'"-i |a;|<e-'"-i 

Taking the supremum over all m G N \ {0}, we have for each e < 1] that 

sup (1 + |x|)"*^|9V(x)| < 

|x|>e-i 

On the other hand, for e < rj, 

sup (1 + \x\)-^'^ |5V(x)| < sup |9V(a;)| < 

|a;|<£-i |a;|<e-i 

As a G N'^ arbitrary, {Ue)e & Sr{R'^). □ 
Theorem 3.8. GriR'^) = 

{u G ^(i'^) : (Va G N'^){3N G N)(V£ G M'^ wit/i \x\ > p-^){\d''u{x)\ < \xf)}. 

Proof. C: let u G Qr{R'^)- Let a G N°'. Since u has a representative in £^^(]R^), there 
exists A^ G N such that for each x G M°' with \x\ > \d°'u{x)\ < p"^(l + \x\)^ < 

-N~l \ ~\N _^ I ~|2Af+l 

3: if M = [(m^)^] g ^(i"^) \ Qri.R'^), then, by proposition EIZl we find aeW such that 
for each A^ G N, we find m G N \ {0}, a decreasing sequence (£„)„ tending to and 
with < e~'^ and (xe„)| > e""^^ > , Vn. If m G ^(M"^), there exists 

M G N such that \d°'Ue{x)\ < e^*^, for |x| < and for small e. Hence for A^ > M, 
\xe„ \ > e~^, for sufficiently large n. Let x^ := (£^~\ 0, . . . , 0), if £ ^ {e^ : n G N}. Then 



X :- 



[{xe)e] e M"^ with |x| > p-^ and |9"m(5)| ^ |x| . □ 
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Proposition 3.9. Let 

W = {{ue)e G Sm{R'^) : (Va G N'^){\/k G N)(3iV G N)(Vm G N \ {0}) 

(3£o G (0, 1))(V£ < £o)( sup |9"n,(a;)| < e™'^-^)}. 

e-™<|a;|<e-™-i 

r/ien W = S.y{R'^) +7V(i'^) and ^y^M'^') = W/MiR"^). 

Proof. Clearly, 7V(i'^) C W. Let (Me)^ G ^^(M'^). Fix a G N'^ and G N. Then 
there exists N gN such that sup^g^d \x\^ Id^Ueix)] < e~^, for small e. Thus for each 
m G N \ {0}, 

sup <e"^ sup Ixp'^ < e"'^-^, 



for small e. Hence (ue)^ G W. Since W is closed under +, Sy{R'^) + Af{R'^) C >V. 
Conversely, let {ue)e G W. As in lemma [XUl now with e\a\^k,m and := £m,m,m, we 
find G {us)s + J^{R'^) such that for each a G N"' and /c G N, there exists N 
and 7] G (0, 1) (choose now t] < £:max(|a|,A;)) such that 

(Vm G N \ {0})(V£ < ri){ sup < e""^'-^). 

e-'"<|x|<e-'"-i 

Fix a G N'^ and A; G N. Then ioi e <r], (3 e N"^ with = A; and m G N \ {0}, 

sup |a;^9"u,(a;)| <£-(™+^)l^l sup |9"u,(a;)| < £-^"1^1. 

£-"'<|x|<£-"'-i £-'"<|a;|<e'™-i 

Taking the supremum over all m G N \ {0}, we have for each e < t] that 

sup <£-^-l^l. 

On the other hand, since (Me)E G Sm{R'^), there exists M G N such that 
sup <£-l^l sup <£-^^-l^l, 

|a:|<e-i \x\<s-^ 

for sufficiently small e. As a,P E N'^ arbitrary, (m£)e G £^,y'(]R'^). □ 

Theorem 3.10. GyiR"^) = {u e g{R'^) : 

(V« G N'^)(VA; G N)(3C G i)(Vx G M'^ wt/i |x| > p-^){\d''u{x)\ < C 

Proof. C: Let u G Qy^{R'^). Let a G N"' and A; G N. Since u has a representative 
in EyiR"^), we find G N such that for each /3 G N"' with \p\ < k and x e R"^, 

< p~^. Hence |(9"u(£)| < (^^^^^ jxj-D'^ < rfV^- If 1^1 > 

this implies \d°'u{x)\ < C \x\~ , with C = df^p"^ G R. 

D: if M = [{ue)e] e ^(i'^)\ay=(M'^), then, by proposition EH we find a G N'^ and A; G N 
such that for each G N, we find m G N \ {0}, a decreasing sequence (£„)neN tending 
to and Xe„ with < jx^J < e-"'~^ and |5"Me„(a;,J| > C'^"^ > Ix.J-'^e;^. Let 
:= (e^\0, . . . ,0), if e ^ {e„ : n G N}. Then x := [{xs)e] e M'^ with |x| > p'^ and 
\d°'u{x)\ ^ Ixp^p^^^"*^. As A^ G N is arbitrary, we conclude that for each C G M, 
there exists x G M'^ with \x\ > p^^ such that \d°'u{x)\ ^ C |x| □ 
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Definition 3.11. A generalized point x eM.'^ is said to be of slow scale if \x\^ < 1, or 
equivalently, if for each a G M^, jx^l < e"", for small e. Similarly, a generalized point 
X is said to he of fast scale if\x\ is invertihle in M and < 1, or equivalently, 

if there exists a G M"*" such that \xs\ > e~°' , for small e. We denote the set of slow, 
resp. fast, scale points ofM.'^ by Mf^, resp. Mj^. 

Theorem 3.12. For u G ^(M'^), the following are equivalent: 

1. u{x) = 0, Vx G ij, 

2. = 0, Vx G ij,, Va G W 

3. (3a G (Vx G i'^ with |i| > a) (m(x) = 0) 
4-. u has a representative {ue)e such that 

(Va G M+)(3r7 G (0, l))(Ve < r7)(Vx G M"^ with \x\ > £-")(ue(x) = 0) 

5. u has a representative {ue)e such that 

(VmGN\{0})(3£„G (0,1))(V£ <£„,)( sup \u,{x)\ < e"') 

|a;|>£-i/™ 

6. u has a representative {Ui;)e such that 

(VaGN'^)(VmGN\{0})(377G (0,l))(Ve<r/)( sup |9"Me(x)| < e™) 

|x|>e-i/'" 

7. u has a representative {Ui;)e such that 

(3iV G N)(V/3 G N'^)(3r7 G (0,1)) (Ve < r?)(sup \x^Us{x)\ < e"^) 

8. u has a representative (Me)e such that 

(Va G N'^)(3A^ G N)(V/3 G n'^){3r] G (0, l))(Ve < r/)(sup |x^9"Me(a;)| < e"^) 

(in particular, u has a representative in Eyi^EJ^)). 

We call slow scale supported those u G ^(M'^) satisfying one of these equivalent con- 
ditions, and denote the set of all slow scale supported u G Q{W^) by Qss{^'^)- 
Then g^{R'^) ^ ^,,(i'=') C gy(Rd^ is a differential ideal ofg{W^). 

Proof. (1) ^ (2): Let xq G MJ,. Then v{x) := u{x + Xq) G ^(M"^) and f (x) = for 

each X G Mf. By the pointwise value theorem in g{W^), v\-s,d = in g{W^). Hence also 
9"m(xo) = 9"t;(0) = 0, Va G 

(2) ^ (6): By contraposition, (2) implies that for a representative {ue)e of u, 

(Va G N'^)(VA; G N)(Vm G N\{0})(3£o G (0, 1))(V£ < eo)( sup |9X(a;)| < e''). 

With the notations of proposition 13. 9[ this implies that {ue)e £ VV, hence m G ^^(M''). 
So we may assume that (Me)e G £'^(]R'^). Now suppose that (6) does not hold, then we 
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find a G N*^, M G N\{0}, a decreasing sequence (£n)neN tending to and G with 
kej > en^'^'' such that > e*^ Vn. As (Me)^ G ^.rl^^^), there exists G N 

such that sup^gijd |x| \d"-Ue{x)\ < e^^ , for small e. Hence \xe„ \ < \d°''^e„{xen)\^^ < 
^-N-M^ for small n. Let x^ G M'^ with \x,\ = e'^'^^ li e ^ {Sn : n e N}. Then 
X := [(aJe)^] G but d°'u{x) ^ 0, contradicting (2). 
(6) ^ (5): trivial. 

(5) ^ (3): For each m G N \ {0}, let as in the statement of (5). We may assume 
that (£m)meN is decreasing and tends to 0. Let = for Sm+i < £^ < ^m- As 

tte > |m£(x)| < e™, for each x G M'' with > and Sm+i < ^ < ^m- Thus 

a := [(ag)^] G M satisfies the statement of (3). 

(3) ^ (1): If X G Mj^, then there exists 6 G M+ such that \x\ > p"^ > a. 

(3) =^ (4): Let a = [(ae)^] as in the statement of (3). We may suppose that > 1, 
We. Let {xe)e ^ ^m(M'^) with Xel^^) = 1; if l^^l < (^e and Xel^^) = 0, if > 2a^. Let 
u = [{us)e] and define Us := Xe ' "^e- Then (m^ — G Af{R'^) since the point-values in 
all points of M.'^ are (to be precise, one uses an interleaving argument as in the proof 
of lemma HH]). Hence u = [{us)^]. 

(4) =^ (8): Fix a G N'^. As {ue)e e SniR'^), there exists A^ G N such that, for small £, 
suP|^l<e-i |<9°Me(x)| < e-^. Then for /5 G 



sup < sup Ix'^SVla;)! < e T^e~^ < e 

|x|<£-l/(l/3| + l) 
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for small e. 
(8) ^ (7): trivial. 

(7) =^ (5): There exists A G N such that for each k E N, sup^jg^d \x\'^ \ui;{x)\ < e~ 
for small e. Hence for each A; G N and m G N \ {0}, 

sup |Me(a;)| < sup la;!""" < e" 

|x|>£-i/™ |2;|>£-i/™ 

for small e. □ 

Since Gss{^'^) ^ ^.y^M'^), the Fourier transform^: Gss{^'^) ^ is well-defined 

and u = if {ue)e e SyiR'') [5]. 

Theorem 3.13. The Fourier transform Qss{R'^) of Qss{R'^) , consisting of those ele- 
ments in QiM.'^) with slow scale spectrum, is given by those elements in Qy{M.'^) with 
a representative {us)e G S,y(M.'^) satisfying 

(Va G N'^)(3A^ G N)(V/? G N'^)(3?7 G (0, l))(Ve < r/)(sup |x"(9V(^)| < e-^). (1) 



Further, Qss{R'^) is a differential subalgebra ofQy{M.'^) and 

^~(M'^) = ^..(i*^) n GssiR'^) = {ue GiR'^) = u{£) = 0, V£ g ijj. 

Proof. Let (me)^ G £^,y(]R'^) satisfy equation ([T]). Using characterization (8) of theorem 
Km u G GssiR'^), since 

sup |^'^9°Ue(0| = sup d^{x^e){C)\ [ \d'^~^x''\ \d''ue{x)\ dx 

<e-^ sup (1 + , 
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for small e. By Fourier inversion, u G ^ss(]R'^). Conversely, by the same inequality, 
if M G ^ss(]R'^), then there exists a representative {ue)e ^ £y'i^'^) of u such that 
{ue)e G £y{^'^) satisfies equation (1). The result follows again by Fourier inversion. 
Finally, let u G Qss^^"^) n Qss{^'^)- Let (mJ^ G SyiW^) be a representative of u 
satisfying condition (4) of theorem 13.121 Since equation ([T]) holds independent of the 
representative in £y{W^), there exists G N such that for each /3 G N'' and for small 
e, sup^jgigd < . Then, for any a, /3 G N'^, 

sup |x"9'^'Ue(x)| < sup \x'^d^Ue{x)\ < e^^~^ , 

lelR'^ |z|<e-i/(l«l+i) 

for small e. □ 



4 Equalities in the sense of tempered generalized 
distributions 

Let u, f G Qy{W^). In this section, we investigate when u is equal to v in the sense of 
generalized tempered distributions [2], i.e., when Jj^^ ucj) = J^^ vcj), for each G ^(M'^). 

Lemma 4.1. Lei n G ^ss(I^'^) o'^f^ "^^ ^ Q(W^) with v{x) = 0, Vs G Mf^, then uv = in 

Proof. By theorem I3.12[ there exists xq G Mf^ such that 'u(y) = 0, for each y G M*^ 
with \y\ > \xq\. Let x G M'^. Fix representatives {xs)s of 5 and (xo,£)e of Xq, and let 
S* = {e G (0,1) : \xe\ < |a;o,e|}- Then \xes<^ + XqCsI > \xo\ and \xes\^ < \xo\^ < 1 
(e^ G M is the element with the characteristic function on S* as a representative). 
Hence nixes': + xqCs) = u{x)es<^ + u{xQ)es = 0, v{xes) = v{x)es = 0, so u{x)v{x) = 
u{x){v{x)es) + {u{x)es':)v{x) = 0. As 5 G M*^ arbitrary, -uf = in Q(R'^). □ 

Lemma 4.2. Let u G ^^^(I^"')- Then there exists x ^ ^^(M'') such that u = ux- 

Proof. By theorem I3.12[ there exists a G with a > 1 such that u{x) = 0, for 
each X G M"^ with |x| > a. Let a = [{as)e] with > 1, Ve and let G V{W^) with 
0(x) = 1, if |a;| < 1 and 0(x) = 0, if |x| > 2. Let Xe{x) = (j){x/ae). It is easy to see 
that X = [{Xe)e] ^ Qy'iM.'^). Further, u{x) = u{x)x{x), for each x G M'', as can be seen 
analogously to lemma SHJ Hence u = ux (and hence also in Qy'{M.'^)). □ 

Proposition 4.3. Let u G Qy{W''). Then the following are equivalent: 

1. ^,M0 = o, v0G^,,(i'^) 

2. = 0, V0 G Qss{^'^) 

3. u(p = 0, V0 G Qssi^'^) 

I u{i) = 0, G 

5. ^,M0 = O, V0G6;..(i'^). 
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Proof. (1) (2): if </> G Gssi^'^), then also x ^ (j){a - x) e ^ss(i'^), for each a G M"^. 

(2) ^ (3): M-0 = ^^0 = = 0, V0 G 

(3) ^ (4): let ( G Mf,. Let G ^(M"^) with 0(0) = 1. Then ^(x) := 0(x-O G ^«,(M'^) 
and m(0 = uiimO = 0. 

(4) ^ (5): by lemmaEl m0 = 0, V0 G ^,,(M'^). 

(5) =^ (1): by Parseval's formula, J^^ ucj) = J^d ucf), Vn, G ^^(M*^). □ 

Theorem 4.4. Le^ u G ^^(M*^). Lei u = t> + where v,w E QyCMJ^) and v{x) = 
w{x) = 0, V5 G if,. Then J^^ u(f) = 0, V0 G y{R'^). 

Proof. By proposition iJl ^^^0 = 0, V0 G y{R'^) C 

If G y{R'^) C ^..(i'^), then f = in GyiR'^) by lemma O Hence J^^ v(f) = 0. □ 

Conjecture 4.5. T/iere exisfo u G Gy'{R'^) such that j^iUct) = 0, V0 G S^iW^), yet 
u ^ V + w , where v,w E Qy(R'^) and v{x) = w{x) = 0, Vx G Mf,. 

If M G or M G ^ss(]R'^), then the converse of theorem 14.41 holds. 

Theorem 4.6. 

1. Ifue ^ssM, then 

[ M0 = 0, V0 G ^(M'^) ^ = 0, Wi G ii. 

2. Ifue Qssi'^'^), then 

/ u0 = 0, V0 G ^(M'^) ^ = 0, Vx G if,. 

Proof. (1) as ^(M'^) is a barreled topological vector space, also f^dU(p = 0, V0 G 
^;^(M'^) by |23l Thm. 3.3] (this follows as in [23l Thm. 3.5]). Let G GssiR'^)- 
By lemma 1121 u = ux with x G Qy.(R'^). Hence J^dUip = Jj^d m(x^) = 0, since 
Xip G g.ssi^'^) n ^ss(i'^) = ^;^(M^). The conclusion follows by proposition SSI 
(2) ^: by Parseval's formula, J^dU(f) = j^iUcj) = 0, V0 G ^(M"'). Since m G Qss^R'^), 
the conclusion follows by part (1) and Fourier inversion. 

(1), (2) ^: by theorem US □ 
Since Qc{^'^) C ^,,(M'^), theoremiH can be viewed generalization of [231 Thm. 4.2]. 



5 Pointwise ^^-regularity 

We recall the various definitions of a generalized function regular at a non-generalized 
point and at a compactly supported generalized point as introduced in [11|19] (in [19], 
other than compactly supported generalized points are considered as well). 

Definition 5.1. ^ [7^ Let u = [(ME)e] G ^(fi). Let Xq G and Xq G (ic. 

1. ueg^^ iff{3V G V^J(3A^ G N)(Va G N^)( sup |9"u,(x)| < e^^ , for small e). 
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2. u e iff{^N e N)(Va G W){3V G V^J(sup |a"u,(a;)| < e"^, /or smalls). 
3- ueG'g iffiW e Vs„)(3iV e N)(Va g N'')(Vx g < p-^). 

^. M G iffi^N G N)(V« G N'^)(|9°m(xo)| < p-^). 
Further, g^{n) := ^^^^Q^ ■ The equalvty g^iVl) = fl.ef^ holds. 

We extend the definition of at a point to arbitrary subsets of VLc and indicate liow 
the previous definitions can be related to each other by means of this definition. For 
this purpose, we extend (by similar arguments) the result given in [12] that u G Q'^{VL) 
iff M G ^2° for each x G (ic- 

Definition 5.2. Let^ ^ AC^^ and u G g{n). We say that u G ^°°(^) iff u e gf 
for each x & A. 

We recall [2D] that A C M'^ is called internal iff there exists a net {A^)^ of subsets of 
such that A is the set of those a; G M"^ with a representative {xe)e such that G A^, 
for small e. In this case, we write A = [(Ae)^]. In particular, for A C M*^, we denote 
by A the internal set [(^)e]. 

Proposition 5.3. Let {An)nm be a decreasing sequence of internal subsets ofQ. Let 
An = [{A'^)e], for each n G N. Let B = HneN^n- Let Be = B n Qc 7^ ^ and 
u = [{us)e] ^ G{^)- Then the following are equivalent. 

1. ue g°^{B,) 

2. {yK CC n){3N G M)(Va G N'^)(3m G N)(V5 G ^ n < p"^) 

5. (VfsT CC f])(3iV G N)(Va G N'^)(3m G N)( sup |9"u,(a;)| < e^^, for small e) . 

xeKnA^ 

Proof. (1) =^ (3): Supposing the conclusion is not true, we find K CC Q, an & (for 
each n G N), ^ (0, 1/m) (for each n, m G N) (by enumerating the countable family 
{£n,m)n,m, wc cau succcssivcly choose the en,m in such a way that they are all different) 
and x,i^^ G n<+- with \d^-u,„Jx,„J\ > \fn,me N. Let y = [(y,),] G B,. 
Then there exists L CC ^2 such that K C L and y G [(L fl ^e)e], for each /c G N. For 
k <n + m, [(L n v4^+™)e] C Afe, so by [20, Prop. 2.9], sup^^^^^n+m d{x, A^) < 
for small e. Hence we can ensure that dix^ ,A^ ) < elfi,", for each n, m G N and 
k<n + m. LetXe = ye, if £ ^ {^n.m ■.n,me N}. Let k,l eN. Then d{xe„^^, A^^ J < 
e^^nii except for finitely many {n,m) G N^. Since also y G A^, {d{xe, A'^))^ G Ar by 
[20I Prop. 2.1]. By the same proposition, x = [(xe)^] G -Be- By hypothesis, there exists 
N eN such that for each a G N'^, |9"m(x)| < . This contradicts the fact that for 
a fixed n> N, lim^^oo £n,m = and |c?""Me„,™(xe„ _„) | > e;;;^;;,, Vm G N. 
(3) =^ (2): let K be contained in the interior of L CC fi. Then for each m G N and 
X E K n Am, there exists a representative (xe)^ of x with x^ G L fl A^, for small e. 
(2) (1): £ G 5c iff X G 5 n ^, for some CC fi. □ 

Definition 5.4. Lei x, G f2c- We say that x is infinitely close to y (notation: x ^ y) 
iff \^ ^ y\ < 1/^; for each n E N (in Colombeau theory, it is also said that x — y is 
associated with flU, 1.2.69]). We call monad of x the set p(x) = {y G M'^ : y ~ x}. 
We denote ns(f2) = Uxeo/^(^)- 
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Corollary 5.5. Let u G G{^), Xq eVL and Xq € fic. 



1. 


u 


G iff there exists V G Vxq 


stic/i t/iat u G 


'(^) 


2. 


u 








3. 


u 


G iff there exists V G V^^o 


swc/i t/ifli u G 




I 


u 


G g^iSl) iffue g^ijisin)) 






5. 


u 


G6?°°(fi) z#MGg°°(fie). 







Proof. (1) Since contains an internal sharp neighbourhood A = {x G : | < 
p"^} (for some m G N), this follows from proposition 15.31 with = A, Vn. 

(2) Since /i(xo) = flneN^"' with A„ = {x G M*^ : |x — Xo| < ^/n} internal, this follows 
from proposition I5.3[ 

(3) (see also |19j) Since V = [(y)^] is internal, this follows from proposition 15.31 with 
An = V, Vn. 

(4) Immediate by (2). 

(5) (see also [TO]) Since Q = [{^)e] is internal, this follows from proposition 15.31 □ 

We now proceed to show that = Q'^{Q). For this purpose, we turn to a more 

quantitative version of an argument used to characterize A/'(i7) [T0| Thm. 1.2.3]. 

Proposition 5.6. Let u = [(Me)e] G and let Xq G Q. Let for each A; G N, 

Ofc = sup{a G M : (V/3 G N'^ with \f3\ = A;)(V(xJ^ ^ Xo){\d'^u,{xe)\ < , for small e)}. 
Let m G N. If Om+i < cim, then —ak is a convex function of k & {n eN : n > m}. 

Proof (i) Let first ai < oq. Suppose that ai < Let 6 = min{^^a^, ^^a±^-ai} > 

0. Let {xs)e — ^ xo arbitrary. Let (ei)i=i,,,,,rf denote the standard basis of M'^. Let 
Ve = + e'^°~"'^~^ei. Then {ye)e and i/e G O for small e. By Taylor's formula, 

dM^e) = e^'-'^'^+'My,) - M,(x,)) d^u.ix, + 9,{y, - x,)), 

for some < < 1. Since also (x^ + ^^e(?/£ — Xe))e Xq, 

for small e. This contradicts the definition of ai. Thus ai > 2fl±^. In particular, 
02 < ai. 

(ii) If m G N and flrrt+i < the same reasoning applied to all d"u with |a| = m 
instead of u, yields cim+i > """^^'"^^ (and in particular am+2 < «m+i)- CH 

Corollary 5.7. Lei m = [(lig)^] G ^(^2) and Xq G Q. Let (k E N) as in the 
previous proposition. Then u G iff zs a non- decreasing function of k E H iff 
sup{|c}^n(x)|^ : |/?| = /c and x ~ Xq} zs a non-increasing function of k eN. 

Proof. If ttfc is a non- decreasing function of k, then clearly n G ^°°(yu(xo)) = 
Conversely, if there exist k < I such that ai < ak, then also a^+i < for some m G N 
(with k <m <l). By proposition 15.61 Om+j < Om — j(am — ctm+i), for each j E N. In 
particular, aj —cx) as j cx). Hence u ^ 

The second equivalence follows from the fact that = sup {a G M : (V/3 G N"^ with 
\I3\ = k) (Vx ^ Xo)(v((9V(a;e)) >Ji)} = inf{v((9'3n(x)) : |/?| = A; and x ^ Xq}, Vfc G N 
(here v denotes the valuation on C). □ 
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Theorem 5.8. = g°°{n). 

Proof. Let u G g{n). If u ^ G'^ifl), we find K CC Q, a„ G N'^ (for each n G N), 
en,m e (0, 1/m) (for each n,m G N) and x^^^ G such that |9°"Me„^(xe„^)| > e"^, 
Vn, m G N. Let L CC i7 with K contained in the interior of L. As m G g{^), 
there exists G N such that sup^.^^^ |'W£(2^)| ^ for small e. For a fixed n > N, 
we find by the compactness of AT some xo E K and a subsequence of {xe„^^)mm 
converging to xq. With the notations of proposition 15.61 this implies that ao > —N 
and a\a„\ < —n < —N. By corollary 15.71 u ^ Hence u ^ ^°°(r2). The converse 
inclusion is immediate. □ 

Corollary 5.9. Let u G g{n). Then u G ^°°(fi) /or each x G fi, sup{|a^M(^)|^ : 
= k and y ^ x} is a non-increasing function of k eN. 

Theorem 15.81 apparently contradicts a counterexample in [ll[l9]. Indeed, the function 
constructed there in fact belongs to ^°°(]R), contrary to what is claimed there. Never- 
theless, the argument in [U [TH] shows that ^ (for Xq G fi) and ^ (for 

Xq G Qc)- The latter means that, for u G ^(f^), the set of x G fic for which u G Q'^ 
is not necessarily open in the sharp topology. We now give a corrected version of the 
counterexample in [H [19] . 

Example 5.10. Let (p G C°°(]R) with supp0 C [-1, 1] and D^(j){fd) ^ 0, for infinitely 
many A; G N. Let (a„)„eN be a strictly decreasing sequence of real numbers tending to 
0. For every m G N, m > 1, let (em,,n)neN be a strictly decreasing sequence of numbers 
in (0, 1) such that lim„^oo £^m,n = and 



{e^,„ : n G N} n {e^/,„ : n G N} 
Let Ue = if e ^ {sm,n : n, m G N, m > 1} and 

1 r {x- t)™-i , a - a. 



pm+l 



fm- 1)! 



rm+l 



dt. 



), Vm' 7^ m. 



Vn, mGN, m>l,xG 



Let Xq = [{Xe 



where 



O'm + eZ^n, Vm,nGN,m>l 







Ve ^ {sm,n : n,m E N,n > 1}. 



r/ien M = [{us)e] e ^(M), M G \ M G ai'o \ ond M ^ gZ,, for each m G N. 
Proo/. Let i? G M+. Since 



m— fc— 1 



sup |DV™.„(a;)| < <j (m-fc-1) 

|x|<R I ^-{m+l){k-m+l) 



-m— 1 



sup^eK 1^ 



k~m. 



m+1 



dt<e^ \(f)\, k <m 



k > m. 



u G ^(M). 

If /c > m, D^u^ 



for X < — Hence for each A; G N, |D'^Me(x)| < 



e"* Jjg 101 for |x| < ak/2 and e sufficiently small. Thus u G 
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Similarly, ii k > m, D^Ui;^^{Xi;^^) = 0, Vn G N. Hence u G 

If > m, D'^Us^ Jam) = £mS™+^^^''~"'+^^L''=-"^0(O), Vn G N. Hence u i , for each 
m G N. As Om 0, this implies also u ^ 

Fix mo G N and let „ = a^Q, Vra G N and = a;^, if £ ^ {^^mo,™ : n G N}. Similarly, 
for y = [{ye)e], u ^ gf. Yet \y - Xo\ < As mo G N arbitrary, u ^Qf^. □ 

Proposition 5.11. Lei u G ^(fi) and Xo ^ ^c- 

i. M G i# {3v G ^,°°(M'^)) (Va G W) (9"m(xo) = 9"t;(xo)). 
^- w e z# (3t; G ^.""(M'^)) {W G VsJ (Vx G V) {u{S:) = v{x)). 

Proof. (1) Let u G and Xq = [(xo,^)^]. For each a G N'^, let {ca,e)e be a representa- 
tive of d°'u{xo) with Icq^eI < e~'^, We (this is possible for some G N not depending 
on a). We now let We{x) = J2\a\<m-^ ~ ^o,e)"', where limg^o^^e = oo. For each 

/3 G N'^ and M G N, 

la/3 / \l ^ -Af ~ 3;o,e)" 

sup |a^iUe(x)| < £ sup > j — ■ 

N<M l-l<^H<,„, 

< e-^ sup y < ^""^ sup e-^l^-^"'^! < £-^"1, 

ixKAf I i~ a! \x\<M 

for small e. Hence w G Q°°(M.'^). Further, d^We{xQ;r) = c^_e, for small e, hence 
d^w{xo) = d^u{xo). Choosing G 'D(S(0, 1)) with 0(x) = 1 for |x| < 1/2, v{x) : = 
m;(x)0(x - xo) G ^c°°(M'^) and (xo) = 9^w(xo2, V/? G N'^. 

(2) If moreover u G then / := n - G and 9"/(xo) = 0, Va G N'^. By 
proposition 15.31 there exist n, A^ G N \ {0} such that for each m G N, by the Taylor 
expansion up to order m, 

sup \fe{x)\<l'e+ sup Ix-Xo.eP^"^ ^ SUp |(9"/e(x)| 

\x-xo^s\<e^ |a:-x-o,e|<e" |o|=m+l k'-^'0,e|<£" 

^ n(m+l)-Af-l 

for small e and for some {i'e)e & -Mr. Since m G N arbitrary, /(x) = 0, i.e., u{x) = v{x) 
for each x G fic with |x — Xo| < p". 

For the converse implication, we may suppose that V is open in the sharp topology. Let 
X = [(a;^)^] G V and n E N sufficiently large. Then u{y) = v{y), for each y E with 
|y — x| < p". By contraposition, it follows that (sup|j^_3,^|<£„ \ue{y) — Ve{y)\)E £ A/r. 
The same argument as in [101 Prop. 1.2.3] then yields d°'u{x) = d"v{x), Va G N'^. □ 

Let u G ^(^2), X G fic and ^ G (M°'\{0})~. We consider the following microfocal 
regularity condition on u (on the scale of the sharp neighbourhoods): 
there exists v G Qd^'^) and a sharp conical neighbourhood F of ^ such that 



{3V eV^)i\/yeV){u{y)=viy)) 
v{fi) = 0, Vr] G Mj, n F. 



(2) 
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Corollary 5.12. Let u G Q{^) and x G Qc- If u E , then u satisfies condition ^ 
for each I e (i'^\{0})~. 

Proof. If M G ^1°, by proposition 15.111 we find v G ^^(M'^) C Q'^{W^) coinciding with 
■u on a sharp neighbourhood. By theorem 13. 13[ v{S,) = 0, for each ^ G M^^. □ 

We do not know if the converse of this corollary is true. 

Proposition 5.13. If u E is Q'^ -microlocally regular (cf. f^) at {xq,C,o) ^ 

Q X (R'^ \ {0}), then there exist V G V^.^ and W G V^^ such that u satisfies condition 
^ for each ieV = [{y)^] and for each 1 = [{W)^]. 

Proof. W.l.o.g., I^ol = 1- By [5i Prop. 6.1.3], there exists U G V^.^ and a conic 
neighbourhood F of such that for each G ^{U), in particular for some G T^iU) 
with = 1 on a (nongeneralized) neighbourhood of xq, 

(3iV G N)(Vm G N)(sup (O"" < for small e). 

Hence there exists V G Vx^ such that for v = (pu and x & V, v{x) = u{x). Further, for 
i G Rfs and ^ eW, for some W e V^,,, U e f . Hence \v{U)\ < P'^iU)'"", for each 
m G N. Since > p'", for some a G M+, (tf)"™ < p"", and < p'^'"-^, for 

each m G N, i.e., = 0. □ 
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